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Circular Statistics:  Analysis of Orientation and Time Data 
 

Circular statistics are useful when trying to analyze data that are taken from a distribution 
that circles back on itself.  For instance, consider the circular and linear distributions of 360 
equidistant points.   In the linear distribution 0 and 360 are at opposite ends of the distribution, 
whereas in the circular distribution the points 0 and 360 are one and the same. 

To describe a circular distribution we use a mean vector designated with a magnitude or 
length, r, and a direction, Θ.  To calculate the mean vector from a sample of data points (for 
instance, azimuths), first calculate the average x and y components of the mean vector as 
follows: 
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where n is the number of observations and αi is the ith azimuth or observation.  The 
length or magnitude of the mean vector is : 
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The magnitude of the mean vector gives an indication of the relative dispersion or 
concentration of the observations (azimuths).  The range of r is 0.0-1.0.  If the data are clumped 
in one direction, then r will be near 1.0.  If the data are randomly distributed, then r will be small 
(near 0.0).   

To obtain the angle of the mean direction solve the following equations. 
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There is only a single solution between 0 and 359 that satisfies both equations.   The 
correct angle can be determined by looking at whether x is positive (+) or negative (-).   

x use this equation 
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RAYLEIGH TEST 

The Rayleigh test is a statistical procedure for determining whether a circular distribution 
is random or non-random.  That is, are the azimuths of a distribution clumped in a particular 
direction?  Calculate a critical value (the test statistic), Z, for the Rayleigh test using the 
following formula: 

Z nr= 2  

where Z is the critical value, n is the number of observations or azimuths, and r is the magnitude 
of the mean vector (determined as above).  The null (Ho) and alternative (Ha) hypotheses for the 
test are: 

Ho = the bearings are randomly distributed. 

Ha = the bearings are distributed nonrandomly.  

Use Table B.34 (Zar 1999) to determine whether to accept or reject the null hypothesis.  
To use the Table find the number of azimuths in the column headed n.  Read across the row until 
you find a Z value that is close to Z calculated for the data.  If Z calculated > Z from Table B.34, 
then conclude that the probability (p) that the distribution is random is less than the value at the 
top of the column.  For example,  suppose we had 8 observations on homing pigeons and the 
calculated Z = 2.95.  The calculated Z is between Z values 2.899 and 3.665 in the n=8 row of the 
table.  We conclude that 0.05 > p > 0.02.  The probability that the pigeons were flying in random 
directions is between 5/100 and 2/100.  Scientists generally reject the null hypothesis at p<0.05.  
In this example, we would reject the null hypothesis that the pigeons’ bearings were randomly 
distributed.  The bearings were significantly clumped. 
 
V TEST 

In some instances we would like to know if the sample is oriented in a particular 
(homeward) direction.  The V test allows this comparison.  The hypotheses are: 

Ho = the bearings are randomly distributed with respect to the predicted direction. 

Ha = the bearings are not randomly distributed with respect to the predicted direction.  

First calculate ( ) ( )Φ+Φ= sincos' xnynV , where Φ is the predicted homeward direction.  Next 

calculate the critical value, u
n
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Now, use Table B.35 to find the probability that the direction is random with respect to 
the predicted direction.  Suppose u=2.79 for 25 azimuths of migrating butterflies at a predicted 
direction of 135o.  From Table B.35 we find the calculated u between 2.772 and 3.038 for n=25 
observations.  We can reject the hypothesis because 0.00025>p>0.001. 
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